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Abstract. In this paper, I analyze numerically the behaviour of the solutions
corresponding to an Abelian string in the framework of the Starobinsky model. The
role played by the quadratic term in the Lagrangian density f(R) = R + ηR2 of
this model is emphasized and the results are compared with the corresponding ones
obtained in the framework of Einstein’s theory of gravity. I have found that the angular
deficit generated by the string is lowered as the η parameter increases, allowing a well-
behaved spacetime for a large range of values of the symmetry-breaking scale.
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1. Introduction
Einstein’s theory of gravity in its final form was presented in 1915, and since then several
alternatives to replace it have been proposed. Among the arguments for such endevour,
its non-renormalizability and the necessity of ad hoc ingredients to deal with the recent
observation of an accelerated universe are of main importance. In the late 70’s it was
shown that the addition of curvature invariant squared terms in the Lagrangian density
can improve the renormalizability of the theory [1], and recently the so-called f(R)
theories of gravity have deserved some attention due to the fact that it can model the
observed acceleration of the universe without an ad hoc cosmological constant [2].
Cylindrically symmetric solutions of f(R) theories of gravity have been studied in
[3][4][5], but due to the strong non-linearity of the theory solutions have been obtained
only for very specific f(R) models and mainly for asymptotic values. The most used
procedure is to search for specific ideal metrics and then let the equations of motion give
us the functional f(R) form that allows for the existence of the proposed metrics. In
an alternative Brans-Dicke approach this would mean to let the scalar potential V (φ)
to start arbitrary and then let the equations of motion impose us which potential to
use. This method is straightfoward and allows us to obtain some exact solutions for the
theory, but the price to be paid is to deal with extremely complicated f(R) functions (or
unusual potentials, in a Brans-Dicke scenario). Here I will use a more direct approach
and choose the f(R) functional form from the beginning. The Starobinsky model of
gravity is probably the most simple f(R) theory of gravity (but far from trivial), where
the Lagrangian density of the Einstein-Hilbert action is replaced by f(R) = R + ηR2.
In this model we obtain an accelerated stage in the early universe which is compatible
with the recent results from Planck satellite [6] and in this way it can be considered as
a candidate to describe gravity at high energies. In spite of the simple polynomial form
for this f(R) theory, its field equations are highly non-linear and we can’t find exact
solutions, in general.
Topological defects are stable solutions of classical fields where their stability is
provided by topological arguments related to the vacuum manifold. They are expected
to be formed in the early stages of the universe. They cannot be considered as primary
sources of CMB anisotropy [7], but in a inflationary scenario it contributes to the
observed power spectrum. Cosmic strings seen also to play some role in which concerns
the BB polarization obtained by BICEP2 experiment [8]. Thus it is natural that, if
we believe that some effective theory will replace Einstein’s gravity in this scenario, we
should study the formation and behaviour of topological defects, in particular cosmic
strings, in the context of these effective theories, such as f(R) theories of gravity and
others. A cosmic string is an example of a cylindrically symmetric topological defect.
For a review on the subject, see [9][10].
In this paper I will study the Abelian Higgs model of cosmic strings in the
Starobinsky model of gravity. Due to its squared Ricci scalar, we can claim that this
correction term should play a fundamental role in the strong curvature regime, such as
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near compact objects or in the primordial universe era, where the Abelian Higgs model
is expected to generate cosmic strings during some phase transition. This result is
independent of the gravitational theory behind. This string model was first introduced
by Nielsen and Olesen in 1973 as a field-theoretical model to mimic the features of the
Nambu-Goto string, in that time a strong candidate to explain Hadronic physics [11].
Today quantum chromodynamics is the most used theory to study hadronic physics, but
strings still play fundamental roles, as fundamental superstrings or fundamental strings.
The gravitational effects due to the Abelian Higgs string model were first
analytically studied in [12] for an idealized cosmic string as a fixed background, and
numerically in [13]. In the later, the Einstein-Maxwell-Higgs equations were solved
together, as it should be. Such cosmic strings are known to generate an asymptotic
conical geometry and so they can, in principle, be observed by their astrophysical
effects, such as gravitational lensing. As we will see, the magnitude of the conical
geometry is directly related to the η parameter of the gravitational correction term and
the scale of symmetry breaking, and a parametrization on such parameters can be used
to enlarge the possible ranges for the occurrence of the symmetry breaking. A complete
classification of the string-like solutions in Einstein’s gravity can be found in [14]. Our
main goal in this paper is to extend these previous results taking into account the R2
term in the action, and to analyze how the string properties are affected by it.
This paper in organized in the following manner. In section 2 I will present our
model and the field equations we must solve. In section 3 I will solve these equations
numerically and present our results comparing it with our knowledge about the same
model in Einstein’s gravity. Finally in section 4 I will present our conclusions.
2. The Model
The action for a gravitating Abelian Higgs system in the Starobinsky model is given by
S =
∫
d4x
√
|g|(1
2
DµΦ
∗DµΦ− λ
4
(Φ∗Φ− ν2)2 − 1
4
FµνF
µν +
1
16piG
f(R))(1)
where f(R) = R + ηR2, which means that the action of general relativity is corrected
by a quadratic term in the Ricci scalar, Fµν is the Abelian field strength, Φ is a complex
scalar field with vacuum expectation value ν and Dµ = ∇µ− ieAµ is the gauge covariant
derivative. I am using units were c = ~ = 1. Note that if the parameter η is null the
above action reduces to the Abelian Higgs model in Einstein’s gravity.
Because of the cylindrical symmetry of the source and due to the symmetry under
boosts along the string axis, I will adopt a line element
ds2 = −N2(r)dt2 + dr2 + L2(r)dφ2 +N2(r)dz2, (2)
and the usual Nielsen-Olesen ansatz for the unity flux string [11]
Φ(r) = νf(r)eiφ (3)
Aµdx
µ =
1
e
[1− P (r)]dφ. (4)
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This ansatz is chosen in such a way that the matter fields reach their vacuum
expectation values at infinity when we impose the boundary conditions [11]. Varying
the above action with respect to the scalar and gauge fields, we get the following set of
field equations
(N2Lf ′)′
N2L
+ (λν2(1− f 2)− P
2
L2
)f = 0 (5)
L
N2
(
N2
L
P ′)′ − e2ν2f 2P = 0, (6)
where ′ means derivative with respect to the radial coordinate. The energy-momentum
tensor for the matter fields is as usually given by T µν = 2√−g
δSmatter
δgµν
, and its components
are
T tt = −s − v − w − u (7)
T rr = +s + v − w − u
T φφ = −s + v + w − u
T zz = T
t
t ,
where
s =
ν2
2
f ′2, v =
P ′2
2e2L2
, w =
ν2P 2f 2
2L2
and u =
λν4
4
(1− f 2)2. (8)
The gravitational field equations are given by
Gµν(1 + 2ηR) +
1
2
ηgµνR
2 − 2η(∇µ∇ν − gµν)R = κ2Tµν (9)
where Gµν = Rµν − 12gµνR and κ2 = 8piG, which is a set of fourth-order differential
equations, but to avoid to deal with fourth-order differential equations we will treat
the Ricci scalar as an independent field. This is an usual trick used in these kind of
problems. The trace of the above equations is given by
−R + 6ηR = κ2T. (10)
Note that eq. (10) tell us that the Ricci scalar obeys a differential equation and not
a purely algebraic one, as in Einstein’s gravity. Before we deal with the components
of the above differential equations, we should do some variable and field redefinitions
to let all parameters dimensionless. To achieve this goal we will express all lengths
in terms of the scalar characteristic length scale given by 1/
√
λν2, so we will change
our radial coordinate to a dimensionless coordinate x =
√
λν2r, together with the field
redefinitions L(x) =
√
λν2L(r) and R(x) = R(r)/λν2. We also introduce three new
parameters, α = e2/λ, γ = 8piG2ν2 and ξ = ηλν2. Thus, we can write the equations of
motion as
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f ′′ = (
P 2
L2
+ f 2 − 1)f − (N
2L)′f ′
N2L
, (11)
P ′′ = αf 2P − L
N2
(
N2
L
)′P ′, (12)
for the fields and
N ′′ = − 1
24
1
αNL2(1 + 2ξR)
[6ξαL(4RLN ′2 +R2LN2 − 4R′L′N2) (13)
−γN2(10αP 2f 2 + α(1− f 2)2L2 − 2αf ′2L2 + 6P ′2)
+4αL2(3N ′2 +RN2)],
R′′ =
1
24
1
N2L2αξ
[6ξαLR(8N ′NL′ + 4N ′2L+RLN2) (14)
−γN2(10αf ′2L2 − 2αP 2f 2 + αL2(1− f 2)2 + 6P ′2)
+4α(6N ′LNL′ + 3N ′2L2 +RN2L2)],
L′′ =
1
24
1
LαN2(1 + 2ξR)
[6ξαL(4N ′2LR−R2N2L− 8N ′NL′R (15)
+8R′N ′LN − 4R′L′N2)− γN2(α(2f ′2L2 + 14P 2f 2 − L2(1− f 2)2)
+18P ′2) + 4αL(3N ′2L−RN2L− 6N ′NL′)]
where the primes in the above equations means derivatives with respect to x. Equations
(11) and (12) give us the dynamics of the matter fields, while eqs (13) to (15) give us
the behaviour of the metric fields as well as of the Ricci scalar field. We must also
impose the boundary conditions on the fields. As mentioned, in order to get string-like
solutions the matter fields should reach their vacuum expectation values asymptotically,
so we must impose the following boundary conditions
f(0) = 0, f(∞) = 1 (16)
P (0) = 1, P (∞) = 0,
where infinity should be understood as a limit and the boundary conditions on the origin
are necessary for the regularity of the fields. The boundary conditions for the metric
functions are
L(0) = 0, L′(0) = 1 (17)
N(0) = 1, N ′(0) = 0
R′(0) = 0, R(∞) = 0
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Figure 1. A numerical solution for α = 2.0, γ = 1.8 and ξ = 0.001 that resembles the
Abelian string in Einstein’s gravity. The inclination of the L component of the metric
is directly related to the angular deficit due to the string.
where the first four conditions are necessary for the regularity of the metric. The last
two boundary conditions are trickier, since the Ricci scalar is not an independent field.
The last one is actually imposed by the field equations, and R′(0) = 0 is a good choice
to set the smoothness of the Ricci scalar.
We now have to solve a three parameter set of five differential equations with
boundary conditions. As we can see, these equations are highly non-linear and must
be solved numerically. To better understand the string behaviour we should compare
our results with the string behaviour in Einstein’s gravity and how it is modified by the
inclusion of the ξ (related to the old η) parameter. Figure (1) shows a typical numerical
example of a string in Starobinsky model with a low value for ξ. The behaviour for
the metric and matter fields are in agreement with the well known results in Einstein’s
gravity (see [14]), as it should be.
2.1. The conical geometry
The geometry generated by the cosmic string is an asymptotically flat conical geometry.
Asymptotically, the metric fields present the following behaviour
N(x→∞) = a, (18)
L(x→∞) = bx+ c, b ≥ 0, (19)
where a, b and c are constants depending on α, γ and ξ. In the absence of gravity
we expect a = 1, b = 1 and c = 0. If we fix α and ξ, as we vary γ we are in some
way increasing the coupling between the matter fields and the gravitational field, and
we expect the geometry be more and more affected, which is what really happens.
Actually, the asymptotic intrinsic curvature is null, but the topology of the space is not
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trivial and its observational effects can be measured. This string-like solution possesses
a planar deficit angle that can be expressed as
∆ = 2pi(1− L′(∞)). (20)
It is worth calling attention to the fact that we can increase γ until ∆ reaches 2pi
(or b = 0). This value is called critical gamma, γcr, and for γ > γcr the spacetime is
not globally well-defined (for b < 0, there will be a maximum value for L(x) > 0).‡.
Let’s remember that γ is directly related to the scale of the symmetry breaking, and
so γcr impose us a constraint on the maximum scale for the occurrence of it. In a real
world scenario, we should expect that only a small value for the angular deficit will be
allowed, otherwise its effects should already be noted (at least in present days), but to
deal with critical values is useful for better understanding the properties of the theory.
In Einstein’s gravity (ξ = 0) we can find the critical value for γ as a function of α,
e. g. [16]
γcr(1.0) ≈ 1.66, γcr(3.0) ≈ 2.2, and so on. (21)
Our aim in the next section is to study how these results change as we increase ξ,
or in other words, at what extent the correction due to the Starobinsky model becomes
important. We will study how the matter and metric fields change and how the conical
geometry is affected.
3. Numerical Results
I have used a finite difference Newton-Raphson algorithm with adaptive grid scheme
[17][18] to construct the solutions numerically. Our estimated errors range from 10−9
to 10−12, sometimes even better. The limit ξ → 0 corresponds to standard Einstein’s
gravity, but we can’t use ξ = 0 in our analysis because the equations are not well defined
at this value. The reason is that in Einstein’s gravity the Ricci scalar obeys an algebraic
relation with the energy-momentum tensor, not a differential equation. Nothing forbids
us, however, to start with a small value for the parameter ξ that mimics Einstein’s
gravity and increase it slowly. A typical string solution for ξ = 0.001 is plotted in figure
(1).
In this section we will study how the behaviour of the metric and matter fields are
influenced by the addition of the R2 term in the action, or how the Abelian string in
the Starobinsky model of gravity differs from the one in standard Einstein’s gravity.
We will proceed changing the parameter ξ keeping the other two parameters, γ and α,
fixed. Taking γ = 1.8 and α = 2.0 fixed, for example, we can plot the metric behaviour
due to the string in the range ξ = 0.01 to ξ = 10. The plots are in figure (2) starting
upper left with ξ = 0.01. We can note that, as we increase ξ, the matter fields do not
‡ In some dynamical scenarios, as in the topological inflation [15], it is possible to have a well-defined
spacetime with γ > γcr. In this paper we will not worry about this specific issue, since we are using
γcr only as a parameter to quantify the geometry of the spacetime.
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change considerably from their usual value, but the Ricci scalar field decreases to almost
zero. The changes in the gravitational fields are better noticed by the change in the
inclination of the L(x) component of the metric. As I exposed in the last section, this
inclination is directly related to the angular deficit generated by the string and so, as
we increase the ξ parameter, the geometry becomes less and less conical.
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Figure 2. Numerical solutions for α = 2.0, γ = 1.8. On the top left and right,
respectivelly, ξ = 0.01 and ξ = 0.1, and on the bottom left and right, respectivelly,
ξ = 1.0 and ξ = 10.0. The gravitational effects are weaker for lager ξ values.
By itself, the angular deficit is an important quantity due to its consequences on
observational aspects of cosmic strings. It is responsible for effects such as gravitational
lensing and also affects the anisotropy of the cosmic microwave background, just to cite
two examples [9]. I have shown that the angular deficit changes as we vary ξ for the
set (α = 2.0, γ = 1.8) in figure (2), but we must analyze its behaviour also for other
parameter sets. In figure (3) I plot how the angular deficit changes in 3 differents (α, γ)
parameter sets, namely (2.0, 1.8), (1.0, 1.0) and (4.0, 2.0) with ξ ranging from 0.001 to
1000, where unity on the vertical axis means an angular deficit of 2pi and the zero value
means no angular deficit at all. We can clearly see that as ξ grows, the angular deficit
shrinks for all parameter sets.
This change on the angular deficit is important, among the reasons above
mentioned, because it can avoid the parameter γ to reach its critical value. In a
cosmological scenario, if we believe that cosmic strings exists, we should expect the
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ranging from 0.001 to 1000. The vertical axis measures the angular deficit over 2pi
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Figure 4. Critical value for γ(α = 1.0) as function of ξ. The inclusion of an R2 term
turns the geometry less conical.
strings to put a boundary on the the scale of the symmetry breaking, or vice versa,
otherwise they can give rise to space-times not globally well defined. The presence of
an R2 correction term in the Einstein-Hilbert action can avoid this kind of problem,
allowing larger values for γcr.
This is what the above examples show us. As the R2 term becomes more relevant,
the theory becomes less conical, and we should expect the maximum value for the
symmetry breaking scale to be bigger. As an example, the critical value for γ(α = 1.0)
in Einstein’s gravity is about 1.66, but as we increase ξ this value starts to grow. In
figure (4) I plot a graph for γcr(α = 1.0, ξ) which show us that for large values of ξ,
the new scale where the symmetry breaking scale reaches γcr is much higher than the
original one. This can allows large values for the scale of symmetry breaking before we
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Table 1. Values for Min, as given by Eq. (22), and angular deficit. The first pair of
values are for (α = 1, γ = 1) and the second pair are for (α = 4, γ = 2).
ξ Energy δφ/2pi Energy δφ/2pi
0.001 1.1711 0.5918 0.8527 0.8339
0.01 1.1781 0.5872 0.8641 0.8206
0.1 1.2063 0.5588 0.9061 0.7508
1.0 1.2307 0.4938 0.9315 0.6335
10 1.2262 0.4310 0.9251 0.5428
100 1.2153 0.3858 0.9136 0.4820
1000 1.2067 0.3532 0.9061 0.4390
reach observational constraints.
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Figure 5. This plots show how the Gauge (P (r)) and Higgs (f(R)) fields change
as we vary ξ. We can see that the matter fields are not significantly affected. The
left column was calculated with α = 0.1, γ = 0.5 and the right column with α = 10,
γ = 0.5.
We will now study how the matter fields are affected by the R2 term. In figure
(5) I plot the Higgs and gauge fields for different values of the ξ parameter. As we
can see, the matter fields themselves aren’t significantly influenced by the addition of
an R2 term, and so I will not go further on this aspect of the theory. In any case, the
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string-like structure is preserved.
The way the energy of the string differs from its standard value was also calculated.
I will follow [16] and define the energy (mass per unit length) as
GM = γ
8
Min =
γ
8
∫ ∞
0
dxNL
(
(f ′)2 +
(P ′)2
αL2
+
P 2f 2
L2
+
1
2
(1− f 2)2
)
.(22)
The calculated values for Min are listed in table (1) for 2 different (α, γ) parameter
sets. In the BPS limit, where the Higgs mass is equal the gauge mass, Min is equal one
in a flat spacetime.
3.1. A brief discussion on vacuum
To study the Starobinsky model in vacuum I assume γ = 0, and so the metric equations
decouple from the matter fields. Cylindrically symmetric and static spacetimes in
f(R) theories have been analytically studied in [3], where the authors pointed out the
possibility of the occurrence of angular deficit even in vacuum for R = 0. This deficit
angle would be related with integration constants that depends on the f(R) functional
form. I performed numerical analysis for γ = 0 and ξ from 0 to 1000, and found no
evidence of the existence of an angular deficit beyond the numerical error limits. A
preliminary numeric analysis on more general polynomial functions for f(R), such as
f(R) = R + αR2 + βR3 + ηR4 also shows no evidence for a deficit angle in the flat
asymptotic regime.
4. Conclusions and Perspectives
In this paper I have studied how the Abelian Higgs model for a cosmic string is affected
when we go from Einstein’s gravity to the Starobinsky model of gravity. This gravity
model can be seen as a first correction to Einstein’s gravity in some effective theory,
and so it is important that we study classical solutions also on these effective theories,
specially when these classical solutions play fundamental roles on strong gravity regimes,
as in the primordial universe era.
The Abelian Higgs model in Einstein’s gravity can be parametrized by 2 parameters
(γ,α), where the first is related to the symmetry breaking scale and the second one is
related with the internal structure of the string. In the Starobisky model of gravity,
where an ηR2 term is added to the Einstein-Hilbert action, the same model gets a new
parameter, ξ, related to the old η parameter and so to the value of the correction. We
now have a 3 parameter set and a more general theory to work with.
The conical geometry generated by such strings can constrains the maximum value
for the symmetry breaking scale because for γ > γcr the whole spacetime is no longer
regular in some models. We have shown that the introduction of a new parameter
reduces this constraint and allows larger values for this scale. In a scenario where
this constraint appears to be violated in Einstein’s gravity, we can propose to replace
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Einstein’s gravity by a more general theory, such as the Starobinsky model of gravity.
For this particular model, I have explicitly calculated the new γcr for some parameter
sets. I have also calculated the behaviour of the metric fields and compared to similar
behaviour in Einstein’s gravity. I also found no evidence of an angular deficit in the
limit when γ = 0, where the gravitational equations decouple from matter, even for
large values for the parameter ξ.
I have also shown how the internal properties of the Abelian Higgs model are
changed when we go to the Starobisnky model of gravity. I have shown that the string-
like structure is preserved, and also that the scalar and gauge fields are not significantly
affected by such a replacement. I have also calculated how the string energy (or mass
per area) changes as the correction term gets stronger.
It would be interesting to compare our model with the Abelian Higgs model on other
f(R) theories of gravity, specially one with more terms on a polynomial expansion. We
are currently following this path. Also, models for non-Abelian cosmic strings are highly
interesting and we expect to compute how our results differs in a non-Abelian model.
As the calculations has shown that the interior of the comic string is barely affected by
the R2 term, I believe that the corrections will follow the same pattern obtained here.
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